This paper describes the computational methodology for computing hypersonic nonequilibrium shock wave (SW) flows in a mixture of non reacting diatomic gases such as Nitrogen and Oxygen using the Generalized Boltzmann Equation (GBE) at Knudsen numbers in transitional and rarefied flow regimes. In the GBE, the internal and translational degrees of freedom are considered in the framework of quantum and classical mechanics respectively. The computational framework available for the standard Boltzmann equation (for a monoatomic gas with translational degrees of freedom) is extended by including both the rotational and vibrational degrees of freedom in the GBE. The solution of GBE requires modeling of transition probabilities, elastic and inelastic cross-sections etc. of a diatomic gas molecule, needed for the solution of the collision integral. The whole problem that includes both the vibrational -translational (VT) and rotational -translational (RT) energy transfers is solved by applying a three-stage splitting procedure to the GBE. The three stages consist of free molecular transport, VT relaxation, and RT relaxation. For computation of shock structure in a mixture of gases, the GBE needs to be formulated in impulse space instead of the standard velocity space. Furthermore, till now, the computations of SW in neutral gas mixtures have been performed only for 1D problem and they assume cylindrical symmetry of the solution in the velocity space. In this paper, we describe the development of a general numerical method for multicomponent neutral mixtures applicable to 2D and 3D flows. A 3D code has been developed and applied to compute the SW in neutral binary mixture.
Introduction
In recent years, there has been a resurgence of interest in US Air Force in space access and therefore Air Force is interested in the hypersonic aerodynamics of its future space operations vehicles, long-rangestrike vehicles and military-reusable launch vehicles. Hypersonic flows about space vehicles produce flow fields in thermodynamic non-equilibrium with local Knudsen numbers L K n / λ = (where λ is the mean free path of gas molecules and L is a characteristic length) which may lie in all the three regimes-continuum, transition and rarefied. Therefore, there is an important need for a single unified Computational Fluid Dynamics (CFD) code that can treat all the three flow regimes in thermodynamic non-equilibrium accurately and efficiently. Flows in continuum regime can be modeled accurately by the Navier-Stokes (NS) equations; however the flows in transition and rarefied regimes require a kinetic approach such as the Direct Simulation Monte Carlo (DSMC) method or the solution of the Boltzmann equation.
One of the critical issues in accurate prediction of non-equilibrium flows is the ability to simulate the translational and internal energy mode relaxation of polyatomic (in particular diatomic) molecules present in these flows. Relaxation of diatomic molecules in non-equilibrium flows is very different from that of monoatomic molecules due to the internal degrees of freedom; therefore it is important to study the effect of the internal degrees of freedom upon the energy transfer between colliding diatomic molecules. It turns out that the simulation of internal energy mode relaxation is fundamentally different in the continuum (NS) and kinetic approaches. In the continuum approach, NS equations contain the source terms of reaction probabilities for quantifying the thermal and chemical non-equilibrium effects which are typically available from experiments for equilibrium conditions that have the translational temperature dependence. For flows with Kn ~ 0.01, this approach based on NS equations is very effective in computing hypersonic flows with small deviation from translational non-equilibrium [1] . However, at higher Kn for flows in transition and rarefied regimes, the kinetic methods based on the Boltzmann equation provide more detailed information on the degree of non-equilibrium.
During the past fifteen years, following Bird [2] , DSMC methods have been developed for computing non-equilibrium flows of monoatomic and diatomic gases [3] [4] [5] . Typically, in most of the DSMC solvers, the diatomic molecules are modeled assuming quantized rigid rotors for rotational energy levels and anharmonic oscillators for vibrational energy levels. Elastic cross-sections are based on Variable Hard Sphere (VHS) model and inelastic cross-sections (Rotational-Translational (R-T) and Vibrational-Translational (V-T)) are based on Borgnakke-Larsen model [6] assuming constant or temperature dependent collision numbers ZR. Dissociation cross-sections are based on the Weak Vibrational Bias model [7] or its variants. However, it has been shown that the non-equilibrium rarefied flows of diatomic gases, in which the gas molecules transfer energy among translational, rotational and vibrational degrees of freedom, cannot be accurately predicted by using the simple collision models in DSMC methods [8] . In recent years, considerable effort has also been devoted toward the development of approaches using simplified models of Boltzmann equation (e.g. BGK type models) that include the multi-translational temperatures, rotational relaxation, and dissociation kinetics [9, 10] , which have shown some promise. However, these approaches also have limitations, especially in prediction of strong shocks encountered in hypersonic non-equilibrium flows. Additionally, the transition and rarefied regimes are characterized by the formation of narrow boundary layers with sharp variation in flow parameters, the zones with considerable compression of a gas at the scale of the molecular mean free path, and the low density stagnation zones. Thus the most accurate description of the physics of these flows can be obtained by solving the Boltzmann equation for a diatomic gas, namely the Wang-ChangUhlenbeck Master Equation [11] or a generalized Boltzmann equation for a mixture of gases.
In solving the Boltzmann equation by a finite-difference method, the principal difficulties arise in calculation of the multi-dimensional collision integral; the approximation to the collision integral must tend to the actual one as the mesh size in the velocity space tends to zero. In recent years, there has been significant progress toward the development of an efficient and accurate numerical method for the solution of Boltzmann equation for a monoatomic gas [12] [13] [14] [15] . In this method, the Boltzmann equation is solved on fixed space and velocity grids by a finite-difference method. A projection method (that ensures that the velocities before and after collision belong to the same grid of discrete ordinates) is employed for the evaluation of the collision integral that ensures exact conservation laws for mass, momentum, and energy as well as zero value of the integral under thermodynamic equilibrium (when the distribution function is Maxwellian). The last property eliminates the numerical error of computing the principal part of the solution outside the Kundsen layers and shock waves and thus considerably increases the accuracy and efficiency of the method. The differential part of the Boltzmann equation is approximated by an explicit second-order flux-conservative scheme. The combined system of difference equations (for the collision integral and the differential part) is solved by the splitting method which splits the solution process in two stages: the collision relaxation and free molecular flow. This method has been developed by Professor Cheremisin of the Computing Center of the Russian Academy of Science [12] [13] [14] [15] . It has been extensively applied by him and many other researchers [16] including the second author of this paper [17] [18] [19] [20] [21] . The key numerical features of this method are: (a) it is fully conservative, (b) it preserves the positiveness of the solution, (c) it does not disturb the thermodynamic equilibrium and therefore can be applied for computing flows approaching continuum regime, (d) it is essentially deterministic and therefore does not produce statistical noise, (e) it employs numerically efficient integration grids that make it very efficient, (f) it can employ a variable mesh that may exceed the local mean free path in the regions of low gradients, and (g) the method can be easily parallelized. It has several advantages over the DSMC method e.g. the DSMC method requires mesh spacing less the mean free path in the entire field, it employs not very realistic molecular potentials (like VHS) instead of the more accepted ones like the Lennard-Jones potential with established parameters for each gas (e.g. N 2 and O 2 ), and for inelastic collisions DSMC method employs models that are not physically justifiable. For example in the most commonly used Borgnakke-Larson model [6] in the DSMC method, the molecules are divided in two parts: the molecules in major part collide elastically and in the rest with internal -translational energy transfer that presumes a thermodynamic equilibrium. This model is therefore not very accurate.
The objective of this paper is to develop a computational methodology and a code for computing hypersonic non-equilibrium shock wave flows of multi-component non-reactive gas mixtures of diatomic gases using the Generalized Boltzmann Equation (same as the Wang-Chang Uhlenbeck equation which accounts for the degenerate energy levels) at Knudsen numbers in transitional and rarefied flow regimes. It should be noted that in the GBE, the internal and translational degrees of freedom are considered in the framework of quantum and classical mechanics respectively. The general computational methodology for the solution of the GBE is similar to that for the classical BE for a monoatomic gas except that the evaluation of the collision integral becomes significantly more complex due to the quantization of rotational and vibrational energy levels. The transition probabilities, elastic and inelastic cross-sections etc. of a gas molecule are needed for the solution of the collision integral. Lennard -Jones potential with two free parameters is used to obtain the elastic cross-section of the gas molecules, and the so called "combinatory relations" are used to obtain parameters of Lennard-Jones potential for an interaction of molecule A with molecule B knowing the parameters of A and B [11] . The probability of transition in inelastic collisions is determined using the approach by Beylich [22, 23] . These inputs allow for the calculation of the Boltzmann Collision Integral in GBE for a diatomic gas and a inert mixture of gases.
Solution of Classical / Generalized Boltzmann Equation for a Mixture of Monoatomic / Diatomic Gases
For solving the classical Boltzmann equation for a mixture of monoatomic gases or the Generalized Boltzmann equation for a mixture of diatomic gases, these equations are formulated in impulse space. These formulations are described below. It should be noted that these formulations and solution methodology are completely new and have been developed for the first time by us for 3D Generalized Boltzmann equation. Some previous work for an inert binary mixture of monoatomic gases for the solution of 1D classical Boltzmann equation with cylindrical symmetry in velocity space has been reported by Raines [24] .
1 Mixture of Monoatomic Gases
The system of Boltzmann kinetic equations for a mixture of monoatomic gases containing K components is usually written in the form , 1,...,
The collision integrals have the form
Here m b is the maximum interaction distance and the following abbreviations have been used:
( , , ), ( , , ), 
From the condition of normalization on the particle density i n of a specie − p p (6) Note that in the subsequent equations, asterisks in equations (5) and (6) will be omitted. The integrals will be computed on a limited Cartesian impulse space Ω .
The system (4) 
For evaluation of the integrals (6), one builds the 8-dimensional uniform integration grid , , , 
The collision operator for the n -th component at the node γ can be written in the form
The integral is evaluated as a sum at the grid Ξ .
The conservative projection method for evaluation of (9) consists of replacing the two last δ -functions in (8) by decompositions with a splitting coefficient 1 r ν ≤ that has to be defined from the energy conservation law. For each contribution to the integral sum, omitting the sub-indexν , one makes the decomposition ' , , (13) From (12) and (13) it results that the decomposition (10) preserves the impulse conservation law.
The decomposition coefficient r can be defined from the energy conservation law. Let the ν -th energy contribution to the nodes i p and j p be 
We have demonstrated that the transformation of the variables in the system of the Boltzmann kinetic equations from velocity space to the impulse space makes it possible to build the conservative projection method for the evaluation of the collision integrals.
Mixture of Diatomic Gases
The extension of the method described in section 2.1 to a mixture of diatomic gases described by a system of Wang Chang-Uhlenbeck equations (WC-UE) or generalized Boltzmann equations (GBE) can be done in an analogous manner. The GBE for a single component gas can be written in the velocity space as (18) to the mixture of gases is quite evident:
To build the conservative method of evaluation of the collision operator on the right hand side of (19), the equation is transformed to the impulse space in a similar way as in the case of the mixture of mono atomic gases. One gets 2 , , ,
The important feature of inelastic collisions is that the impulse conservation law holds in the same form as given in equation (11) for the elastic collisions. As a consequence, the similar decomposition of the additions in the collision operator can be made with the single difference that the formulae (14) (15) (16) contain the energy E Δ transferred between the translational and internal degrees of freedom. One can exclude this value from consideration by choosing 0 E as the kinetic energy after the collision
The formula (17) for the splitting coefficient r ν remains the same.
Special Case: Solution Methodology for a Binary Mixture of Diatomic Gases
In this section, we describe the solution method for a binary mixture of two diatomic gases as a special case of general methodology described in section 2.2. This methodology has been successfully coded to compute the hypersonic shock structure in an inert mixture of two gases as shown in Figures 10  and 11 . It should be noted that it is applicable to a reactive mixture as well. We denote the distribution functions for the mixture components as ( , , ) i f t α p x , where upper index α marks the specie, and index i marks the internal energy level. The generalized Boltzmann kinetic equations for the two components of the mixture can be written as:
where the collision operators are given by: 
When this is done, the solution of the system (22) can be obtained by the application of the usual splitting procedure described in [15] at a time stepτ :
Step (a)
Step (b)
At the second step the collision operators are evaluated with the functions marked by (*). It is natural to apply at this step a sub-splitting in the form
and a similar procedure for the second equation of (23b). Here in (24a) the collision operator is computed by the distribution function In principle, all the collision operators can be evaluated as the GBE operators, but this task is enormously difficult because the total number of levels now is equal to max max i α ⋅ , where the index indicates the numbers of the rotational and vibration levels. To make the problem solvable for a mixture one may apply the two-level model approach for the RT collision operators described in [25] (without loss of accuracy), while the operators of VT exchange being evaluated in the complete GBE form. In this case the total number of the energy levels will be only two times the number of vibration levels thereby significantly reducing the computational effort.
Results

Shock wave structure in a non-reacting mixture of two gases
The 1D shock wave structure has been computed in a binary mixture of inert gases. The mass ratio was m 2 /m 1 =2, and the ratio of molecular diameters was d 2 /d 1 =1.5. The computations were made by a general 3D code that can be applied with minor modifications to 2D and 3D gas flows, and for a mixture containing an arbitrary number of species. The flow properties in computed shock structures at M = 2 and M = 5 are shown in Figures 1 and 2 respectively. It should be noted that it is easier to compute the SW in an inert mixture of oxygen and nitrogen because the mass ratio is 1.143 and the diameter ratio is 1. 
